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Improving student success and supporting
student meaning-making in large-lecture

precalculus classes

Abstract: We discuss an implementation of the research based Pathways
precalculus curriculum in a large-lecture format supported by recitations,
clickers, and online homework. We describe our approach to adapting the
implementation of Pathways precalculus from a small class to a large lecture
instructional format. We report data on student learning and retention before
and after this Pathways implementation which show improved student success
in precalculus, improved student retention in calculus, and significant shifts in
student understanding of precalculus ideas that are foundational for learning

calculus.
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1 Introduction

There is widespread interest in increasing the number of STEM gradu-
ates (for example, [28]). A logical starting point for achieving this goal
is to increase student success in Calculus I since it is an early required
course for nearly all STEM degrees. However, more than 30% of first-
year students who arrive at a public 4-year university are unprepared for
the challenges of a university calculus course and are therefore placed

in a precalculus course or lower [31] . College-level precalculus courses
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are of particular concern to educators since there is evidence that many
university-level precalculus courses do not adequately prepare students
to learn or succeed in calculus (see, for example, [5], [35]). Hence, ad-
dressing student success and learning in university precalculus courses is
vital to securing the national goal of increasing the number and quality

of STEM majors.

Studies have shown that the Pathways precalculus curriculum devel-
oped by researchers at Arizona State University [4] address many of the
problems with student learning in precalculus. These precalculus ma-
terials are rooted in a constructivist approach to learning and include
questions and prompts intended to support students in engaging with
and making connections among ideas. The materials focus on funda-
mental concepts that are needed for learning calculus, including ideas of
function composition, average rate of change, constant rate of change,
exponential growth, and trigonometric functions. Prior to 2013, the
Pathways materials had been used only in small class sections at sec-
ondary and post-secondary institutions. However, due to resource con-
straints that are not likely to abate any time soon, if ever, many large
public universities must offer precalculus instruction in large lectures
supported by recitations and online homework. This is a challenging
learning environment for students, and accordingly pass rates can be

very low.

In Fall 2013, the mathematics department of Iowa State University
undertook a study to see if the Pathways curriculum could be scaled-up
to a large-lecture format. To do so, they introduced a new student-
centric and constructivist framework for large-lecture classes that in-
corporated recitation sections, clicker questions, and online homework
developed by a team of faculty and graduate students at Iowa State

University and Arizona State University.
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Before registering for a mathematics course, all students at Iowa
State University are required to take a placement exam. Prior to Fall
2013, students who needed to take a first-semester calculus course but
did not achieve a sufficiently high placement score (administered via
ALEKS) were advised to take one of two courses depending on their
score: either college algebra or a trigonometry and analytic geometry
class. Both were taught with traditional procedure-focused materials in
large lectures. We will refer to the former course by the abbreviation
‘CA’ and the latter by the abbreviation ‘TAG’. In 2013, the department
offered these courses and the new one-semester precalculus course based
on the Pathways curriculum; we will refer to this course as ‘PP’. Stu-
dents whose placement test score was not high enough to enter calculus
but was sufficiently high to avoid being advised into CA were advised to
take either TAG or PP. At the end of the semester, the results of these
courses were compared in terms of acquisition of fundamental precalcu-
lus concepts and pass rates; overall PP compared very well. We note
that placement criteria for PP and TAG were the same. Additionally
all students in PP and TAG took an initial pre-test, the Precalculus
Concept Assessment (PCA); the mean scores for both populations were

not significantly different.

The goals of this article are to describe the Pathways approach to
precalculus as well as the development, implementation, and assessment
of PP, a large lecture implementation of the Pathways materials. The
article is organized as follows. In Section 2, we discuss the Pathways ap-
proach to precalculus education and its research basis. In Section 3, we
describe the new format developed for large lecture classes. This format
relies on carefully developed recitations; these recitations are detailed
in Section 4. The structure of the lectures and our approach to devel-

oping the clicker questions are discussed in Section 5. In Section 6, we
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describe the development of the conceptually focused online homework.
In Section 7, we discuss the assessment of the course. We conclude by

summarizing our approach and results in Section 8.

2 The Pathways approach to precalculus education

The Pathways Precalculus project is based in research on student learn-
ing in precalculus (for example, [6], [7], [5]) and beginning calculus (for
example, [2], [24], [32], [13], [37], [38], [39]). These investigations re-
vealed widespread and severe weaknesses in students’ understanding of
fundamental concepts such as rate of change and function,' even af-
ter students successfully completed a college level precalculus course [5].
Further research into student learning in the context of beginning calcu-
lus revealed that students’ weak understanding of these concepts were
major obstacles to student learning in calculus (for example, [2], [19],
34, [15], [24)).

The findings from these studies led to and informed the design of the
Pathways Precalculus materials. The work began with the Pathways
research team designing hypothetical learning trajectories for key ideas
that had been identified to be foundational for learning calculus. In
addition to attending to the development of students’ meaning for lin-
ear, exponential, and trigonometric functions, an overarching learning
goal was to support students in acquiring a renewed confidence in their
ability to make sense of ideas and problems, and to support students in

developing meaningful formulas to represent patterns and relationships

1The findings revealed weaknesses in students’ understanding of the idea of func-
tion including: i) function composition; ii) function inverse; iii) constant rate of
change; iv) average rate of change; v) function notation; vi) quadratic and exponen-
tial growth; vii) a function’s end-behavior; viii) attending to how two quantities in a
function relationship change together; ix) angle measure and trigonometric functions,

etcetera.
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between covarying quantities.

The Pathways authors attempted other approaches to improve stu-
dent learning and student success. They developed in-class worksheets
to supplement traditional texts, used group work during class, and as-
signed homework every class meeting. These interventions led to greater
student success in the course, but they did not lead to improved student
learning of the course’s key ideas; nor did they lead to more students
continuing on and succeeding in calculus ([5]). These findings led to
the realization that the wide-spread curricular focus on helping students
work specific problem types, with little attention to the conceptions and
reasoning abilities students needed for learning calculus and using ideas
of precalculus was ineffective. The Pathways Precalculus instructor and
student materials provide a research-based response to this problem.
The material’s initial design was guided by research on student learning
in both precalculus and calculus. In addition, the materials are updated
regularly as the researchers continue to engage in both qualitative and
quantitative research into student learning. Qualitative studies (e.g.,
[7]; Carlson, Larsen and Jacobs, 2001; [2]; [5]; Carlson, Larsen and Lesh,
2003; Frank, 2017; Kuper, 2019; Moore, 2010; Moore and Carlson, 2012;
O’Bryan, 2018; Strom, 2008) investigate student thinking as the student
completes research-scaffold tasks. The data from these studies have
produced novel insights about productive ways to support students’ in
developing strong and connected conceptions, and productive reasoning
abilities. These findings inform the refinement of Pathways investiga-
tions, applets, and online homework. It was only after implementing
the research developed Pathways student and instructor materials that
significant gains were achieved in student learning [8], [3], [17], [21], [26],
[25], [27], [36]).

Studies examining student learning in the context of Pathways mate-
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rials have consistently revealed that the question scaffolding in Pathways
materials helps students conceptualize the quantities in applied problem
contexts, and reason about how two varying quantities in the situation
are related and change together. These conceptualizations have been
shown to be essential for students’ development of meaningful function
formulas and graphs, and for using various function types (linear, ex-
ponential, trigonometric) to solve novel problems (Moore, 2010; Moore
and Carlson, 2012; O’Bryan, 2018). The Pathways materials are now
in their 7th Edition and continue to be adapted as researchers produce
new knowledge about how to support students in developing both com-
petence and confidence in their understandings, reasoning abilities, and
mathematical practices. The knowledge that is generated about stu-
dent learning, including both productive and unproductive meanings,
are discussed in the Pathways instructor materials and workshops, and
are frequently revealed to the instructor as students confront Pathways
conceptually scaffolded questions during class. The materials now con-
sist of a student workbook, an online textbook, and instructor resources
such as online videos, possible solutions of the workbook exercises, and
discussions of common student misconceptions. These instructor re-
sources support instructors in shifting their precalculus instruction to
be effective in developing students’ foundational meanings of precalcu-
lus mathematics. During recent iterations of the materials, online clicker

questions and homework were added.

In order to facilitate and support the most effective use of the course
materials, members of the Pathways research and development team
provide 2-3 days of professional development to faculty and graduate
students who are preparing to use Pathways materials in their lecture
and recitation sections. At these sessions, the workshop leaders model

inquiry instruction by engaging the participants in tasks that require the
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use of key reasoning abilities and mathematical understandings, such as
quantitative and covariational reasoning, that are needed for learning
calculus. Workshop participants form small groups where they discuss
their approach and the thinking they used to complete tasks. They are
then asked to verbalize their approach, with workshop leaders who pose
questions as needed to support participants in explaining what quantities
they visualized when reading and making sense of a problem, explain-
ing the rationale for their approach (rather than just how they arrived
at their answer), describing what student difficulties they anticipate,
etcetera. Later, workshop leaders engage the participants in discussions
of quantitative data that reveal student misconceptions and weaknesses
regarding relevant precalculus concepts. Workshop participants broadly
report experiencing a profound shift in their image of good teaching and
their awareness of what is entailed in learning and understanding ideas
in precalculus. This is reflected in the participants choosing to recre-
ate many of the discussions and activities that they experienced in the
workshops both in their classrooms and at their weekly course planning

meetings.

3 New learning sequence for the large lecture

The remedial math courses at Iowa State University, CA and TAG, are
taught in classes of 200 or more students with a topic being introduced
during lectures delivered in an auditorium. Students then attended a
smaller recitation (about 30 students) led by a graduate student or in-
structor. Recitation sections typically involved the instructor providing
a review lecture on some of the topics covered in the prior large lectures.
The recitation instructor might also work through additional examples
and answer students’ questions about the homework.

There are several obstacles to using this format in the PP course with
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the Pathways materials. First of all, the primary aim of Pathways is to
build conceptual understanding, and the overwhelming evidence shows
that lecturing is not effective in developing students’ understandings of
concepts (for example, [29], [18]). While there have been some imple-
mentations of small group work in large lecture settings, these typically
require facilities that are not widely available, such as rotating chairs in

auditorium style lecture halls.

Accordingly, we decided that in PP we would invert the traditional
large lecture format described above. The resulting learning flow is
shown in Figure 1. Unlike the traditional large lecture learning pro-
cess, our revised delivery format introduces each topic in the recitation
by having students work collaboratively to complete an engaging set of
questions. This is in keeping with the learning goals discussed in Section
2 so that students have opportunities to construct their own understand-
ing of the topic. These recitations are described in more detail in Section
4. The day following the recitation, the same topic is discussed again
by the professor leading the 200-student large lecture. This lecture be-
gins with a review of the just-completed group project followed by a
sequence of clicker questions designed to engage the students in explor-
ing and improving their understanding of each topic. The format of
these lectures and development of the clicker questions is discussed in
more detail in Section 5. Following the large lecture, students complete
an online homework assignment (via WeBWork) that is designed to as-
sess and advance student learning of the key ideas of the lecture and
also provide students practice that we hypothesized would be needed for
students to solidify their understanding of the material. More informa-
tion regarding the process of developing these assignments is presented

in Section 6.



Improving meaning-making in large-lecture precalculus 11

Group Projects
(Recitations)

Clicker Questions
(Lecture)

v

VYWebVWWork Homework
(online)

Figure 1. The Pathways Large Lecture Learning Process

4 Structure of the recitations

In PP, students spend two of the class’s four weekly contact hours in
recitation sections. Each recitation is led by either a graduate teaching
assistant or a lecturer and contains at most 32 students from the large
lecture. The recitations are further broken down into groups of 4 to 6
students. Each small group works as a team to complete investigations
that explore precalculus topics not yet addressed in lecture. For recita-
tion instructors, there are three major components to the recitations:
preparation, class participation, and evaluation.

Each week, all recitation instructors attend a meeting to prepare
for the week’s classes. During this time, problems from the Pathways
workbook are discussed and selected to provide PP students with a solid
foundation of the upcoming concepts. Within this discussion, recitation
instructors anticipate student questions or misconceptions and develop

appropriate responses, often in the form of guiding questions. For exam-
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ple, when discussing the concept of a function, instructors might expect
some students to rely on the “vertical line test” that they learned pre-
viously, often to a fault. If this happens, the instructor can direct them
back to the definition of a function and ask questions such as “If y is
not a function of z, is « a function of y? Why or why not?” and “When

does the vertical line test work, and when does it fail?”

The actual recitation classes start out in a variety of ways. Some in-
structors start with a warm-up question. These questions might revisit
difficult material from a previous class, or they might serve to motivate
the current day’s lesson. Other instructors begin with a brief overview of
new terminology and a discussion of the purpose of the investigation for
that day. No matter how the class begins, most of the recitation session
is spent with students working on the day’s group project, which con-
sists of problems selected from the Pathways workbook at the pre-class
instructors’ meeting. Instructors encourage students to work through

the problems as a group.

The main goal of the group projects is to provide students an oppor-
tunity to explore a concept before it is formally introduced or defined in
the lecture. We hypothesized this would support students in construct-
ing an understanding that would be more robust than rote memorization
of a definition. For example, when learning about angle measure, group
members work together to construct angles measuring 1 radian using
only a compass, string, and straight edge. This gives students a hands-
on experience to learn about the relationship between the radius length
of a circle and the arc length cut off by an angle with a measure of 1
radian. In the next lecture class, angle measure is more formally defined
and the understanding students developed during the recitation activity
is reinforced and applied to new situations. As students work through

the group project, the instructor walks around the classroom asking
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probing questions about students’ understanding of the question and
their approach to answering the question, while encouraging discussions
among group members and guiding students toward meaningful solu-
tions. Whenever possible, the last few minutes of recitation are used
to have representatives of each group present their group’s solutions to
the class. The problems students present are chosen in advance by the
recitation instructor either to address a common misconception with the
entire class or to facilitate a class discussion about a key idea. This gives
students the chance to share the insights discussed within their groups
and helps emphasize the concepts that they need to take away from the
day’s lesson. As students are selected by the instructor, rather than on
a volunteer basis, it has the added bonus of holding every student ac-
countable for the new material. This encourages students to participate

actively within their groups throughout the recitation.

At the end of every recitation period, each group turns in a folder
or binder that contains the group’s completed projects. The recitation
instructor then grades the problems that the team of instructors have
selected for grading during the instructors’ meeting. Initially, a group
grade is assigned to each project, which is then scanned and emailed
to group members so that they have a copy of their evaluated work.
Around the time of each exam, this group grade is converted into indi-
vidual grades. These individual grades are largely derived from confiden-
tial student peer evaluations using a variation of the Michaelson method
[23], though they are occasionally influenced by the instructor’s obser-
vations of group dynamics. In the peer evaluations, students are asked
to distribute points to their group members so that the average number
of points given out per person is 10. Students do not rate themselves
and are encouraged to include comments to support their evaluations.

These comments range from “We all worked well together as a group”
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to “This team member consistently took on a leadership role” to “This
team member was often late and didn’t contribute to the discussion.”
After each round of peer evaluations is completed, the recitation instruc-
tors reconfigure the assigned small groups for the next course unit. This
serves as a great opportunity to encourage students to interact with new
classmates and it allows instructors to break up unproductive student
pairings that sometimes interfere with a group’s learning.

Though there was some variation in how each recitation instructor
ran his/her class, this general framework provides a reasonably consis-
tent experience for each student attending the large lecture. Above all,
the goal is always to get students to think critically about the main
ideas by working together on key questions in that day’s investigation.
Based on the substantive conversations that occur in these recitations,

the authors are optimistic that this goal has been achieved.

5 Lecture structure and clicker questions, development pro-

cess for clicker questions

The term “clickers” (also known as personal response systems) refers
to a wide variety of electronic devices by which students communicate
their answers to questions posed by the instructor. These devices may
be hand-held RF transmitters, an internet-connected mobile phone, or
laptop application with appropriate software. Depending on the sophis-
tication of these devices, these questions might be multiple choice, short
answer, or numerical. A common use of clickers is to assess student
comprehension after the delivery of some unit of instruction. For exam-
ple, after lecturing on the product rule for differentiation, an instructor
might give one or more clicker questions on the product rule and, based
on the responses, decide if additional coverage is necessary. Usually, stu-

dents are first asked to answer the question on their own, and then spend
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1-2 minutes explaining their work to their neighbors before answering

again.

Put another way, clickers are merely a class of devices for implement-
ing peer instruction. The essence of peer instruction is for students to
engage in activities that require them to use the core concepts that were
presented, and then explain their reasoning to their peers. The use of
peer instruction and clickers to improve conceptual learning began in
physics education (see for example, [22]), but has now spread to almost
every scientific discipline. In all domains, peer instruction via clickers
has been shown to improve conceptual learning dramatically; see, for
example, [12],[30], [33]. Two useful guides to the use of clickers and peer

instruction in mathematics are [1] and [9)].

Peer instruction and clickers were a key component of the large lec-
ture format developed for Pathways implementation at Iowa State Uni-
versity. A number of formats have been tried for the class sessions in
the large-lecture halls. The usual format now is to begin with a short
review and synthesis of the just-completed group project. The point of
this review is to elucidate the key concepts and principles of the topic
under investigation. For example, a key concept for function compo-
sition is the meaning of the notation f(g(z)) as turning the output of
one function into the input of another function. Students were then
given a clicker question and told to work on it independently for about
2 minutes and submit their answer via their clicker device. Afterward,
students were asked to discuss their solutions with their neighbors and
submit answers to the question a second time. Students were told their
second response could be different from the first and, in order to encour-
age participation, that they would receive 1/2 credit on each response
even if their answer was incorrect. These questions were multiple choice

questions. The instructor would then show the students the distribution
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of their answers when they worked on their own and after they discussed
their work. Finally, the instructor would reveal the correct response and
discuss one or more correct methods of solution as well as possibly some
common incorrect methods. During these discussions, care was taken
to point out the connections to the recently completed group project.
Sometimes students were given the opportunity to earn extra credit by
presenting their solution in front of the class. Grades on clicker questions

comprised 10% of each student’s semester grade.

Initially, clicker questions were designed based on the research team’s
previous interactions with precalculus students and perception of com-
mon misconceptions; that is, initially they were based on educated guess-
work. Over time, the knowledge base for the clicker questions was ex-
panded by studying solutions to the workbook exercises and WeBWork
problems for common incorrect reasoning patterns. The research team
also examined the distribution of responses to each question. Incorrect
options, also known as distractors, which were not frequently chosen
were revised. In addition, questions which did not stimulate learning
were discarded. That is, if a large fraction of the class answered the
question correctly before and after discussion with their peers, then the
team concluded very little learning was taking place as a result and the
question was either significantly revised or discarded altogether. As an

example, consider the clicker question in Figure 2.

These options were developed based on common incorrect answers
to similar questions during a recitation activity designed to review basic
algebra. However, the results were disappointing. In Fall 2014, 86%
of the students answered correctly on their own, and 98% answered
correctly after discussion. It may have been that many assumed the
longest answered had to be correct or that during their just-completed

group project they had been thoroughly disabused of the sort of thinking
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Which of the following statements best explains why
ala® = g’tc?
@ Because that's the rule.
@ That's what | was taught in high school.
© It’s not true! aPa® = ab°
© If you multiply a by itself b times, and then multiply it by

itself ¢ times, and then multiply those products together,
you have multiplied a by itself a total of b + ¢ times.

Figure 2. A clicker question on basic algebra.

illustrated by the first three responses. Whatever the reason, it was clear
that no learning resulted from this question and so it was not used again
in the future. By contrast, consider the clicker question in Figure 3 which
was designed to engage students in using constant rate of change.

The responses to this question before and after discussion are shown
in Figure 4.

In this case, slightly less than a majority answered the question cor-
rectly when the students worked on their own, whereas almost the entire
class answered correctly after discussion. In addition, all distractors ini-
tially received at least 10% of the responses. These characteristics were

taken as indication that student learning had occurred.

6 Development of WeBWork homework

Online homework is now a staple of large-lecture STEM courses and is
very likely to remain so. While it has the disadvantage of providing con-
siderably less feedback than a human grader, it also has the advantage
of providing instantaneous feedback and greatly reducing the personnel-
hours required to administer a large-lecture class.

To provide students with immediate feedback on their homework, the

research team developed online homework problems using WeBWork, an
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Question (Clicker Question #16)

A candle is burning at a constant rate. Given the information in
the graph, what will the height of the candle be in inches after it
has been burning for 4 hours?

0 38/3
Q 17/3
9 31/3
073

3,15)

15

Height of the candle in inches

0 25 s 5 10

Number of hours candle has been buming

Figure 3. A clicker question on constant rate of change

82%

46%

79 79
4% % %
1 2 3 4 1 2 3 4
Before Discussion After Discussion

Figure 4. Responses to the question in Figure 3 before and after discussion.

Answer Choice 1 is the correct answer.
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open-source online homework system supported by the MAA and NSF.2
While there are over 35,000 problems® in WeBWork’s Open Problem
Library (OPL), it was essential for the research team to develop prob-
lems aligned with the Pathways materials. Specifically, it was necessary
to develop questions that went beyond procedural practice and instead
supported students in developing meaningful formulas and graphs to
represent how two quantities change together in a word problem set-
ting. Since research (for example, [16], [26]) revealed that students have
difficulty conceptualizing the quantities in a word problem and using
variables to represent varying values of some quantity in a problem con-
text, we developed items to assess these abilities. To illustrate the need
to design new WeBWork questions, consider the 192 problems in the
OPL classified as precalculus function composition problems. Of these
problems only two (from [10]) were situated in a context. Additionally,
these two problems were the only problems that asked students to ex-
plain the meaning of their calculation. The remaining 190 problems can
be classified as procedural practice; the problem asks students to deter-
mine a composed function given a decontextualized function expressed
as a graph, table, or formula. One such representative problem is shown
in Figure 7; this problem asks students to evaluate a function compo-
sition given tables of values representing the input-output pairs of two
functions.

After determining that the existing WeBWork questions were not
aligned with the learning goals of the Pathways materials, the Path-
ways research team developed conceptual items that aligned with the
Pathways online text and workbook problems. The research team con-
currently developed procedural homework tasks to reinforce skills such

2Since then the Pathways project has developed online homework in the IMathAS

format as well.
3As of April 15, 2019
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as factoring and simplifying. Thirty questions were written for each in-
vestigation including at least 10 conceptually oriented questions and 10
procedurally oriented questions. Some of these questions focused on in-
terpreting a mathematical expression and others prompted students to
interpret the meaning of a calculation. For example, of the sixty prob-
lems written by the Pathways team about function composition, 40 asked
students to interpret either their answer or some expression/notation in
the context of a situation. Sample function composition problems are

given in Figures 5 through 7.

GLOBAL Usage: 3024, Attempts: 5.36, Status: 90%; LOCAL Usage: 68, Attempts: 7.01, Status: 92%
Use the table of values for the functions p(x) and g(x) below to complete the tables for the composite functions defined in
parts (a) and (b):

x (0[1]2/3/4/5]
p(x)[3/0/1/2/5/4]
q(x)|0|4/3[1/5/2

(a) Complete the table of values for the composite function r(x) = p(g(x)) atx = 0, 1,2,3,4,5

x| 0 1 2 3 4 5
r(x)

(b) Complete the table of values for the composite function s(x) = g(p(x)) atx = 0,1,2, 3,4, 5.

x| 0 1 2 3 4 5
s(x)

Figure 5. A representative function composition problem from WeBWork
OPL; 190 of 192 problems tagged as Precalculus Function Composition can

be classified as procedural practice.

Each WeBWork assignment consisted of about 10-20 problems. Each
assignment was due the morning after the corresponding lecture. Stu-

dents were allowed 5 attempts on each problem, and only the answer on
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Aball is thrown into a lake, creating a circular ripple whose radius travels outward at a speed of 7 cm per second.
a) Complete the following table. Round your answers to the nearest hundredth.

Number of seconds elapsed |Radius of the ripple | Area of the ripple in
since pebble hit the water, | in centimeters, r [square centimeters, A
0
1
2.5
5

b) What is the radius of the ripple, r, in centimeters, after f seconds have elapsed since the ball hit the water?

r=

¢) Define a function f that determines the area of the ripple, A, in square centimeters, in terms of the number of seconds that
have elapsed since the ball hit the water, 1?

fio= E

Figure 6. A function composition problem from Pathways WeBWork where

students are asked to create a composition of functions.

the very last attempt was graded. These WeBWork problems allowed
students to receive immediate feedback on their conceptual understand-
ings. This was essential to support the implementation of the Pathways

curriculum in the large lecture format.

7 Assessment

The main goal of this investigation was to determine if the Pathways
curriculum could be successfully adapted to a large-lecture format. In
particular, how well would PP prepare students for Calculus 1?7 Would
its performance be comparable to smaller section implementations of
Pathways? How would its performance compare to CA and TAG?

In order to answer these questions, the team took the following

steps.
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(1 point) local/Pathways/M3/14/P02.pg

Suppose function a determines the number of hours of sleep Susie gets in terms of the
temperature, in degrees Fahrenheit, of her bedroom. Another function b determines the
temperature of Susieds room, in degrees Fahrenheit, in terms of the number of days since January
1,2014.

a) What does 5 represent in the expression a(b(5))? Select the best answer.

A.ltis5am.

B. Susie slept for 5 hours.

C. 5 is the number you will plug into the rule for b.
D. 5 days have elapsed since January 1, 2014.

E. None of the above

b) What does b(5) represent in the expression a(b(5))? Select the best answer.

A. The temperature, in degrees Fahrenheit, of Susieds room on Jan 6, 2014
B. The value of 5 is going to be plugged in to the rule for b.

C. The number of hours of sleep Susie gets

D. The number of hours since 6:00am

E. None of the above

Figure 7. A function composition problem from Pathways WeBWork where
students are asked to think about the meaning of the function composition

notation.

e The Precalculus Concept Assessment (PCA) was administered as
a pre-test and post-test in PP, TAG, and CA. The change in the
average score was used as a measure of how much better prepared
students were for Calculus I than at the beginning of the semester.
The average post-test score was used as a measure of how well they
were prepared for Calculus I.

e The pass rates in Calculus I of students who took PP were compared

with those who took TAG. 4

e The pass rates in PP were compared with those in TAG and CA.

In the subsections below, we discuss the details of how these steps
were carried out and the interpretation of the results. However, we first

4Students who took CA were required to take TAG before calculus.
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review the development and validation of the PCA.

7.1 What is the PCA?

The PCA is a 25-item multiple-choice instrument that has been vali-
dated to assess student learning in precalculus and readiness for calculus.
The PCA items assess student understanding of key ideas of precalcu-
lus that have been documented to be foundational for learning calculus
([7],[5].[2], [14],[20],[24], [11]). The PCA items are linked to a taxonomy
of the reasoning abilities, understandings, and computational abilities
that research has identified as essential for student learning and un-
derstanding of ideas of limit, derivative, accumulation, and related rate
problems in calculus. These foundational ideas include ideas of function,
function composition, function inverse, rate of change, and exponential
growth, as well as the ability to define and reference function relation-
ships using function notation and interpret the meaning conveyed by a
function’s graph. The multiple-choice options for each PCA item are
linked to common student responses and ways of thinking that were re-
vealed in interviews with students ([7], [5]). There are 25 questions on
the PCA. Over 77% of the students who received a 13 on the PCA re-
ceived a grade of C or better in beginning calculus, while over 60% of the
students who received a score of 11 or below on the PCA withdrew or
received a grade of D or lower in beginning calculus. PCA has been used
to assess student learning at over 40 universities and colleges to assess
various traditional and reform efforts, with the highest non-Pathways
PCA mean score recorded of 10.2 when administered to 902 students
taking precalculus using a conceptually focused precalculus textbook

from a commercial publisher.
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7.2 Results of pre-test and post-test administration

In Fall 2013, the mathematics department offered two large lecture sec-
tions of TAG and one large section of PP. One of the instructors taught
both a TAG and the PP section in classes sizes of about 200 students.
In each of these sections, the PCA was administered on the first day
of classes as a pre-test, and again during the last week of classes as a
post-test. In Spring 2014, the PCA was similarly administered as a pre-
test and post-test in CA which consisted of two large-lecture sections
of about 160 and 290 students each. The results of these exams are

summarized in Table 1.

Course | pre-test Average | Post-test Average | A

CA 6.23 8.35 2.12
TAG 7.17 8.94 1.77
PP 8.08 15.11 7.03

Table 1. PCA pre-test and post-test results (out of 25)

The average gain in PCA score by students enrolled in PP was about
5 points higher than in CA or TAG. More significantly, the average post-
test score in TAG was significantly less than the threshold of 13 that
indicates preparedness for calculus whereas the average post-test score
in PP exceeded this threshold. In addition, the gains in PP were signifi-
cantly higher than the gains in CA although CA and PP covered several
of the same topics (function, composition, function inverse, average rate

of change)

7.3 Pass rates in Calculus I

Effectiveness was also tested by examining student success in first-semester

calculus. The pass rate in first-semester calculus of the students who
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took PP was compared with that of the students who took TAG. The

results are summarized in Table 2. The overall pass rate in this class

Fall 2013 Course | Pass Rate in Calculus I (C- or better)

TAG 53%
PP 61 %
All students 59%

Table 2. Comparison of pass rates in first-semester Calculus

was fairly low. At the same time, the pass rate of the students who took
PP in the Fall was 8 percentage points higher than those who took TAG
in the Fall.

7.4 DFW rates

The authors compared the DFW rates for TAG, CA, and PP in Fall

2013. The results are summarized in Table 3.

Fall 2013 Course | DFW rate

TAG 33.1%
CA 35.1 %
PP 26.8 %

Table 3. Comparison of DFW rates

7.5 Interpretation of results

After examination of these data, the development team concluded that
PP prepared students for Calculus I; in particular it better prepared
students for Calculus I than either CA or TAG. In particular, although
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there was considerable overlap in the topics covered by CA and PP
(functions, function composition, inverse functions), the learning gains

in CA were very small compared with PP, as measured by the PCA.

The significantly lower learning gains in CA and TAG could be ex-
plained in part by the somewhat weaker mathematical abilities of the
students therein as evidenced by the lower pre-test scores. However, as
the pre-test scores in TAG were not significantly lower than the pre-test
scores in PP, it seems unlikely that these weak gains could be explained
entirely - or even largely - by the weaker abilities of the students at the
start of the semester. Since there was considerable overlap in the topics
covered by CA and PP, our data supports that the larger gains in student
learning could be attributed to the PP curriculum that supports student
engagement and student learning of fundamental precalculus concepts.
We note that whereas the students in PP were almost entirely STEM
majors, the populations of TAG and CA were more heterogeneous. It is
possible that non-STEM majors were less motivated in these classes than
the STEM majors. However, we are skeptical that this could explain a

significant part of the differences in performance.

Since Fall 2013, improvements have been made to the PP group
projects, clicker questions, homework assignments, and exams. During
this same time period DFW rates in PP continued to decline (in one
semester only 19% of students received a D,F, or W) and mean learning
gains of PP students on the PCA have remained in the 6-7 point range.
The Towa State gains on PCA and pass rate are comparable to those
of Arizona State University small sections of Pathways Precalculus, and
better than other universities using Pathways in a precalculus course for

non-STEM majors.



Improving meaning-making in large-lecture precalculus 27

8 Conclusion

We have described how we adapted the small-class intervention of Path-
ways materials to a large class environment. Our adaptations include
recitations in which students complete and discuss key ideas from Path-
ways investigation questions prior to reviewing them in the 200 student
lecture. The large lecture clicker questions gives students opportunities
to discuss their thinking with a peer, while holding them accountable
for making sense of the ideas and discussions led by the course instruc-
tor. The online homework sets are assigned after each class meeting and
focus on student understanding and applying the main ideas from the
recitation and lecture. We observed that each of these implementation
features supported student engagement in productive reasoning and led
to students acquiring improved understandings of ideas that have been
repeatedly documented to be essential for student learning and success.
Our collective evidence suggests the learning gains and student success
is a result of the research based scaffolding that is intentional about tar-
geting specific reasoning abilities that are critical for understanding the
course’s central ideas. Specifically, the structural support we provide for
meaningful engagement using clicker questions is effective in supporting
all students to engage with the ideas being addressed during the large
lecture. The conceptually focused online homework that is linked to
the recitations and lecture supports students in developing essential flu-
ency in reasoning productively and using their understandings to solve
problems. The tasks in the investigations, clicker questions, and home-
work are research based and engineered to support student learning and
fluency with ideas and skills.

As noted in the introduction, although the large-lecture may be far
from an ideal learning environment, it is here to stay and will be the

format in which many large public universities must offer precalculus.
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As shown by Sonnert and Sadler [35], university precalculus courses do
not improve students ability to pass Calculus I. It makes sense then to
explore ways in which students can learn precalculus mathematics better
in the large lecture section. We believe our approach offers a path by

which universities could do so.
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