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Decentering framework: A characterization of graduate student 
instructors’ actions to understand and act on student thinking
Sinem Baş-Ader a and Marilyn P. Carlsonb

aIstanbul Aydın University; bArizona State University

ABSTRACT
This study examined the spontaneous teacher–student interactions that 
occurred in three graduate student instructors’ [GSIs] precalculus classrooms. 
We classified these interactions relative to these instructors’ actions to make 
sense of and use student thinking to inform their in-the-moment interactions 
with students. Our characterizations of teacher–student interactions fell into 
five levels, ranging from no decentering, the instructor showing no interest 
in the student’s thinking, to the instructor inquiring into and building a 
mental model of the student’s thinking, then using that model productively 
when interacting with the student. Our descriptions of the instructors’ men-
tal actions and behaviors are summarized in our decentering framework. 
These descriptions may be useful for other researchers, curriculum devel-
opers, and professional developers working to study and advance teachers’ 
ability to adapt their teaching based on student thinking.
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Introduction

As teachers respond to calls for classrooms to function as communities of learning, choices for 
fostering productive discourse will require teachers to adapt their responses and actions while teaching 
(Ball, 1993; Jacobs & Empson, 2016; National Council of Teachers of Mathematics [NCTM], 1991, 
2014; Sherin, 2002; Staples, 2007; Staples & King, 2017). Teachers are being called on to listen to 
students’ ideas as they are expressed and make moment-to-moment instructional decisions “concern-
ing what mathematics to pursue and how to pursue it” (Sherin, 2002, p. 122). The spontaneous and 
interactive nature of this type of teaching has been documented to be challenging for teachers to enact 
(Jacobs & Empson, 2016; Johnson & Larsen, 2012; Speer & Wagner, 2009). Researchers have begun to 
investigate the nature of these challenges using constructs of responsive teaching (Jacobs & Empson, 
2016) and adaptive style of teaching (Sherin, 2002).

In recent years, researchers have made progress in identifying aspects of responsive teaching, with 
some studies highlighting the types of knowledge needed by teachers to enact teaching that is 
responsive to student thinking (Johnson & Larsen, 2012; Sherin, 2002; Speer & Wagner, 2009). 
Other studies have focused on teachers’ follow-up on students’ explanations to engage them in 
doing mathematics (Franke, Webb, Chan, Ing, Freund, & Battey, 2009). Researchers studying teaching 
in elementary teachers’ classrooms have used the construct of noticing to characterize teaching that is 
responsive to students’ mathematical thinking (Jacobs & Empson, 2016; Jacobs, Lamb, & Philipp, 
2010; Sherin & van Es, 2009), while researchers in undergraduate mathematics (Speer & Wagner, 
2009) have investigated a teacher’s analytic scaffolding or “use of those [students’] ideas to keep the 
discussion moving in a mathematically productive direction” (p. 531). There have been significant 
advances in understanding and characterizing attributes of responsive teaching. However, more work 
is needed to understand the mechanisms by which teachers engage in responsive teaching, including 
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the mental actions involved in inquiring into and acting on students’ thinking for the purpose of 
advancing students’ understanding of mathematical ideas (Teuscher, Moore, & Carlson, 2016).

The current study built on and extended the literature related to teacher attention to students’ 
thinking by using Piaget’s (1955) idea of decentering as a lens to examine graduate student instructors’ 
[GSIs] interactions with students when teaching precalculus using a research-based and conceptually 
focused curriculum (Carlson, Oehrtman, & Moore, 2016). Decentering is broadly defined as taking 
actions that adopt the perspective of another. We aimed to characterize and contrast GSIs’ behaviors 
and perspectives relative to their effectiveness in making sense of and using their students’ expressed 
thinking when teaching. The research question that guided the study was: What mental actions and 
associated behaviors do graduate student instructors exhibit when interacting with their students 
when teaching precalculus using a research-based and conceptually focused curriculum?

Literature review

Characterizations of responsive teaching: Instructional practices

Professional Standards for Teaching Mathematics (NCTM, 1991) called for teachers to orchestrate 
classrooms in which “reasoning and arguing about mathematical meanings is the norm” (p. 35). 
Several studies elaborated on this call by attempting to identify instructional practices to help teachers 
manage productive discourse (Jacobs & Empson, 2016; Staples, 2007; Staples & King, 2017; Stein, 
Engle, Smith, & Hughes, 2008). As two examples, Speer and Wagner (2009) and Staples (2007) 
proposed instructional moves that scaffold the production of student ideas by posing questions and 
prompts that are attentive to and tailored to the student’s perspective.

In the area of undergraduate mathematics teaching, Speer and Wagner (2009) reported that a 
mathematician with extensive teaching experience using an inquiry-oriented curriculum faced chal-
lenges in using analytic scaffolding to move class discussions toward the lesson’s mathematical goals. 
Their findings suggested a specialized content knowledge, separate from mathematical knowledge, as 
one variable that may impact a mathematician’s analytic scaffolding, while calling for studies that 
perform a “fine-grained analyses of teachers’ practices and reasoning” (p. 560).

These studies have made valuable contributions for classifying different categories of teacher 
actions that were responsive to student thinking; however, they have not described the thinking or 
mental actions of a teacher when enacting these behaviors. Researchers have argued that assessing and 
advancing teachers’ effectiveness in making in-the-moment instructional decisions will benefit from 
understanding what teachers are thinking when they take student thinking into consideration when 
deciding on instructional actions (Teuscher et al., 2016).

Characterizations of responsive teaching: Cognitive aspects

In recent years some researchers have explored cognitive aspects of teachers’ ability to attend to and 
act on student thinking in the moment of teaching (Jacobs & Empson, 2016; Jacobs et al., 2010; Sherin 
& van Es, 2009). As one example, research on teacher noticing (i.e., ability to attend to and interpret 
classroom interactions) revealed that teachers who learned to notice student mathematical thinking in 
a video-based professional development environment began to pay closer attention to students’ 
thinking by attempting to make sense of students’ ideas during their teaching (Sherin & van Es, 2009).

Jacobs et al. (2010) further reported that teachers’ ability to make in-the-moment instructional 
decisions based on children’s thinking, referred to as professional noticing of children’s mathematical 
thinking, entailed an effective integration of three components: (a) attending to children’s strategies, 
(b) interpreting children’s understandings behind their strategies, and (c) deciding how to respond 
based on children’s understandings when teaching. However, these researchers cautioned that a 
teacher’s effective integration of these three skills “does not necessarily translate into effective execu-
tion of the response [to children’s verbal and written strategy explanations], because execution 
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requires yet another set of complex skills” (p. 192). Jacobs and Empson (2016) extended this research 
to characterize responsive teaching. They extended professional noticing to include four general 
categories of teaching moves used by an experienced teacher while assisting students when completing 
story problems.

These studies provided considerable insights into cognitive aspects of teachers’ ability to be 
responsive to student thinking when teaching. However, the theoretical constructs that these studies 
highlighted do not have the power to explain teachers’ mental actions that inform the teachers’ 
moment-to-moment decisions and interactions with students (Thompson, 2013). Researchers from 
the radical constructivist perspective claim that the process of teachers’ building models of their 
students’ thinking and using these models during their interactions with students should be in the 
foreground when characterizing effective teaching (Hackenberg, 2005; Teuscher et al., 2016; 
Thompson, 2013; Ulrich,Tillema, Hackenberg, & Norton, 2014). In this study, we used the construct 
of decentering as a lens for characterizing instructors’ model building processes and elaborated how 
varying degrees of instructors’ decentering actions influenced their interactions with students.

Conceptual framework

This study was situated in the radical constructivist theory. A basic tenet of this theory is that 
knowledge must be constructed by every person through her1 experiences (Steffe & Thompson, 
2000). This implies that knowledge cannot be transferred from one person to another. Knowledge 
construction can be fostered through social interactions, including the construction of inter-subjective 
knowledge in which an individual attempts to understand utterances of another and respond mean-
ingfully to her understanding of another’s meaning(s) (Steffe & Thompson, 2000). We followed 
Thompson, Carlson, Byerley, and Hatfield’s (2014) distinction between understanding and meaning. 
An understanding is an in-the-moment cognitive state resulting from assimilation. In contrast, a 
meaning is the space of implications of an understanding – the images, actions, or schemes that 
become readily available as a result of the assimilation. When a person assimilates a current experience 
to a scheme, the scheme is the space of implications of that understanding. Meanings both constrain 
and support the possible ways in which the individual might act.

Actions that involve one adopting the perspective of another were first identified by Piaget (1955), who 
referred to them as decentering. In his work on children’s cognitive development, Piaget (1955) introduced 
the idea of decentering to describe a child’s transition from her egocentric thought to the capability of 
adopting the perspective of another. Steffe and Thompson (2000) and Thompson (2000, 2013) extended 
the notion of decentering to characterize communication relative to whether the individuals engaged in 
communication were expressing “thoughts that are directed at another” (Thompson, 2013, p. 63). 
Thompson (2000, 2013) extended the idea of decentering to characterize two types of interaction between 
people: (a) reflective interaction and (b) unreflective interaction. In the case of teacher–student interaction, 
if the teacher acts reflectively, she observes and is aware of the student’s contributions to the interaction. In 
contrast, the teacher who acts unreflectively does not attempt to understand the student’s perspective, and 
according to Thompson (2000), does not attempt to decenter (see Figure 1).

If a teacher interacts with a student unreflectively, she is constrained to use only her first-order model 
(her meaning of an idea) when making decisions about how to act (Teuscher et al., 2016). First-order 
models are “the hypothetical models the observed subject constructs to order, comprehend, and control his 
or her experience (i.e., the subject’s knowledge)” (Steffe, von Glasersfeld, Richards, & Cobb, 1983, p. xvi). 
For instance, a teacher who plans a lesson based on how she learned an idea is using her first-order model to 
plan the lesson.

If during interaction with a student, a teacher attempts to understand the perspective of the student 
and uses her understanding of the student’s thinking to guide her actions (i.e., decentering), we say 
that the teacher is acting reflectively and the result of this reflection is a second-order model of the 
student’s thinking. The teacher may then use that second-order model to inform her future actions. 
According to Steffe et al. (1983) second-order models are “the hypothetical models observers may 
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construct of the subject’s knowledge in order to explain their observations (i.e., their experience) of the 
subject’s states and activities” (p. xvi). In the case of teacher–student interaction, for example, the 
teacher considers how the student might be interpreting her utterances when attempting to convey her 
way of thinking to the student.

By engaging in conversations, posing questions, observing the student’s actions, etc., the teacher 
updates her second-order model of the student’s thinking. As the teacher’s model of the student’s 
thinking advances to include insights about how the student is conceptualizing an idea, for example, 
the teacher is able to make better decisions about future actions for advancing the student’s thinking 
(Teuscher et al., 2016; Thompson, 2013).

Decentering

The construct of decentering has been used to analyze the nature and quality of mathematical 
discourse (Carlson, Bowling, Moore, & Ortiz, 2007; Teuscher et al., 2016). Carlson et al. (2007) used 
the decentering construct to examine teacher interactions in the context of a teacher-led (facilitator) 
professional learning community (PLC) of secondary mathematics teachers. Findings of this research 
demonstrated that the facilitator’s conscious attempt to model the other teachers’ thinking (i.e., 
decentering) resulted in meaningful conversations about knowing, learning, and teaching the key 
mathematical ideas and often led to advances in the teachers’ understanding of the ideas being 
discussed. Carlson et al. further presented general descriptions of five decentering moves that were 
exhibited by the PLC facilitator. Teuscher et al. (2016) extended this research on facilitator decentering 
moves by investigating the relationship between the level of a teacher’s decentering actions and the 
quality of her interaction with students during classroom instruction. They illustrated how the 
teacher’s decentering actions (or lack of these actions) assisted (or constrained) the teacher in making 
in-the-moment instructional decisions that led to advances in students’ thinking.

Researchers have also used the construct of decentering in the context of instructional innovations 
designed to advance student mathematical thinking (Hackenberg, 2005; Ulrich et al., 2014). In this 
context the researchers designed a sequence of tasks, questions, and interactions they conjectured 
would support the student in constructing desirable mathematical meanings and connections. In 
addition to analyzing the teaching episodes using the construct of decentering, they performed a 
retrospective analysis of the teacher–student interactions after each teaching episode (Ulrich et al., 
2014). The researchers’ updated second-order models informed the refinement of the hypothetical 
models of the student’s thinking. The updated models were then used to inform the design of new 
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tasks and future interactions aimed at fostering advances in the student’s thinking and learning (Ulrich 
et al., 2014).

In summary, the body of literature related to responsive teaching has focused on the nature of 
teacher–student interactions during instruction, with analytic scaffolding, teacher noticing, and 
following-up being identified as useful constructs for exploring these interactions. As researchers 
have moved to understand the mental processes that lead to teachers’ engaging in responsive teaching 
they have attempted to understand the source of effective teacher–student interactions, including the 
behaviors of an individual when attempting to understand and be understood by another.

The current study built on and extended this body of literature by examining the mental actions 
graduate student instructors exhibited when interacting with students. We examined whether the 
instructors were attentive to their students’ thinking, and if so, whether they attempted to understand 
and build a mental model of how a student was thinking. We further examined the degree to which the 
instructors used their models of a student’s thinking to inform their utterances, actions, and instruc-
tional choices in the moment of teaching. In particular, we used Piaget’s construct of decentering to: 
(a) characterize a GSI acting reflectively with a student, (b) describe reflections and mental actions that 
enabled a GSI to construct a mental model of a student’s thinking, and (c) describe how a GSI might 
use her model of a student’s thinking to respond to the student in an anticipatory way.

Methodology

The context of the study: The Pathways project

This study was conducted as a part of the second author’s Pathways project, an ongoing 12-year research 
and development project aimed at advancing the project’s GSIs’ precalculus meanings and teaching 
practices to be more responsive to student thinking (Musgrave & Carlson, 2017). There were 14 GSIs 
participating in the Pathways project at the university where we conducted our study.2 The GSIs all used 
the project’s conceptually focused Precalculus: Pathways to Calculus (Carlson et al., 2016) student 
curriculum and accompanying teacher resources. The Pathways materials were informed and refined 
by research studies, including research into student learning of the function concept in precalculus level 
mathematics (Carlson, Jacobs, Coe, Larsen, & Hsu, 2002; Carlson, 1998; Moore & Carlson, 2012). The 
GSIs were mentored in developing students’ mathematical practices, including students’ ability to 
conceptualize and represent quantitative relationships (Moore & Carlson, 2012).

The Pathways Professional Development Model that is used to support GSIs includes in-class inves-
tigations with conceptually focused questions scaffolded to support students in constructing strong 
meanings for the ideas central to a lesson. Teacher versions of each investigation describe the under-
standings that are targeted in the investigation, including productive reasoning that supports students’ 
solutions. Prior to using the Pathways materials GSIs attend a 2–3 day workshop led by Pathways authors 
or professional development leaders. During the semester GSIs also attend a weekly 90-minute profes-
sional development seminar that engages them with the ideas of upcoming investigations, while explor-
ing approaches for supporting their students’ learning of the ideas central to the upcoming lessons. The 
seminar is led by an instructor who values and is aligned with the project goals and experienced in using 
the Pathways materials. This professional development leader engages the GSIs in discussions of 
productive and unproductive ways of thinking their students might exhibit and encourages the GSIs 
to pose questions to their students for the purpose of revealing how they are thinking.

Participants in the study

Participants were three graduate student instructors, who were also mathematics PhD students, Karen, 
Dave, and Greg.3 They were teaching precalculus in class sizes of 25–30 using the Pathways curriculum 
at a large public university in the United States. Greg was in his fourth year of teaching with the 
Pathways materials and Karen and Dave were in their third year. The subjects were purposefully 
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selected to participate based on our goal to identify 3 subjects who represented diversity relative to: (a) 
whether they engaged their students during class when observing their teaching during the prior year 
and (b) the strength of their mathematical meanings, as expressed during the professional develop-
ment seminar the prior year. Accordingly, Greg consistently engaged with his students and expressed 
strong meanings of the ideas of the course, while Karen and Dave sometimes struggled to provide 
conceptual explanations about the course’s ideas during discussions with their peers in the weekly 
professional development seminar.

Data collection

Our data collection included classroom video, notes taken during classroom observations, and clinical 
interviews. These data sources were chosen with the aim of answering our research question. The video 
data and classroom observations for all three subjects took place during the fifth and sixth weeks of the 
spring 2017 semester. During this 2-week period all three subjects were using the Pathways Exponential 
Functions module. The camera was focused to capture the GSI’s actions, explanations, and conversations 
with students. The instructor wore a lapel microphone. The researcher (the first author) was responsible for 
videotaping and taking field notes to capture instances of teacher–student interactions during the lessons.

We also conducted an interview with each GSI subsequent to our initial review of the classroom 
videos (a total of three interviews). The purpose of the interviews was to gain insights into the 
motivation for the instructors’ interactions with students, thus providing additional data relative to 
our research question, to understand GSIs’ mental actions when interacting with students. During the 
75–90 minute-long interview sessions, we viewed and discussed video clips from the GSI’s classroom 
teaching that we conjectured would provide additional insights about choices and utterances made by 
the instructor when interacting with students, or provide triangulating data to confirm or refute our 
video analysis. During the audiotaped interview we watched the video episode with the GSI and 
prompted her to explain her motive for specific comments, questions, and actions.

Data analysis

All observation and interview data were transcribed. The transcriptions of the classroom videos were first 
studied to identify instances in which the instructor was interacting with students.4 Similar to Jacobs and 
Empson's (2016) approach, we determined a teacher–student interaction occurring in the context of a 
conceptually focused question from the Pathways curriculum as the unit of analysis since it has 
“coherence with respect to a purpose” (p. 188). These interactions were coded according to the five 
dimensions identified in prior research (Carlson et al., 2007; Teuscher et al., 2016), including whether: (a) 
the instructor was interested in the student’s thinking, (b) the instructor attempted to understand the 
student’s thinking, (c) the instructor attempted to create a model of the student’s thinking, (d) the 
instructor’s model of the student’s thinking appeared to inform her instructional actions, and (e) the 
instructor used her model of the student’s thinking to anticipate how she might be interpreted by the 
student. We were also open to identifying novel GSIs’ decentering actions related to both their mental 
actions and behaviors during interactions with students. The coding list is presented in Table A1. To 
enhance reliability of coding, the researchers first independently coded randomly selected interactions. 
Percent agreement was 90% and discrepancies were discussed and resolved by reaching a consensus. The 
coding process led to the five categories of interactions, each of which included diverse levels of evidence 
of GSIs’ decentering actions, ranging from very strong evidence to very weak evidence (see Table A2).

To answer the research question, we grouped the interactions with the same level of evidence of 
GSIs’ decentering actions and looked for common trends in these interactions. This allowed us to 
identify general properties of instructor mental actions and behaviors for each group (i.e., each level). 
The products of this process are illustrated in Table A3. As an example, see the three interactions that 
display very weak evidence of GSIs’ decentering actions for our Level 0 decentering descriptors. This 
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analysis led to our associating specific instructor behaviors with each of the five categories of 
decentering levels and mental actions that emerged from our data.

Results

Corresponding to our research question, the primary results of this study are captured in our frame-
work of five levels of teacher–student interactions, relative to: (a) the instructor’s attention (or lack of 
attention) to a student’s thinking, (b) the instructor’s construction of a model of the student’s thinking, 
and (c) the instructor’s use of her model of the student’s thinking to inform her instructional actions 
(see Table 1). The higher levels of our framework correspond to more advanced decentering behaviors; 
however, since the excerpts used in our illustrations were from three different GSIs’ classrooms, we 
make no claims about the developmental nature of the levels in our framework.

A continuum of GSIs’ decentering actions

The framework entries illustrate how a graduate student instructor’s decentering actions (column 2 in 
Table 1) correspond with associated instructor behaviors (column 3 in Table 1) and mental actions 
that supported these decentering actions (column 1 in Table 1). By looking across a row of the 
framework one can extract the link between an instructor’s response and the model the instructor has 
constructed and used during interaction.

Column 2 of the framework provides a brief description of the five decentering levels. Our general 
descriptions of each decentering level illustrate subtle differences in instructors’ actions relative to their focus 
on and use of student thinking when interacting with a student. The mental actions described in column 1 
ranged from an instructor using her first-order model in an unreflective way (Level 0), to the instructor 
creating, adjusting, and operating from her second-order model of the student’s thinking and her anticipa-
tion of how she might be interpreted by the student (Level 4). The framework also illustrates how an 
instructor’s questioning patterns differ for five decentering levels (column 3 in Table 1). In particular, an 
instructor’s questioning ranges from (1) probing a student’s answer to (2) probing a student’s thinking to (3) 
posing question to advance a student’s thinking toward the instructor’s perspective to (4) posing question 
aimed at revealing a student’s unique way(s) of thinking to (5) posing question that is based on a student’s 
unique way(s) of thinking and is asked for the purpose of supporting the student in making new 
connections. This progression might be useful for supporting instructors in shifting their instructional 
perspective to be more responsive to specific ways of thinking that students present.

Levels of GSIs’ actions to understand and act on students’ thinking

In this section we provide our characterization of each decentering level with an excerpt from a classroom 
discussion. To characterize each level, we used excerpts from three GSIs’ classes that we identified to be most 
representative of the five decentering levels. The first two excerpts were from Karen’s and Dave’s classes, 
respectively, while the remaining three ones were from Greg’s class. In our presentation of results we first 
introduce the mathematical goals of the lesson and describe the task under discussion. We then provide the 
excerpt and follow with a discussion of our analysis and interpretation of the teacher–student interaction.

Level 0: No interest
In Excerpt 1, Karen was leading a Pathways lesson that focused on foundational knowledge for 
understanding exponential functions. The students were engaged with a task that prompted them to 
describe the relative size of two quantities (see Figure 2). 

Students were expected to perform a multiplicative comparison of the lengths of two segments. The 
curriculum prompted the student to determine the length of one segment using the second segment’s length 
as the unit of measurement. Since the measure of both segments was given in a common unit (in this case 
inches) it is possible to determine the relative size of quantity A in units of quantity B, by calculating quantity
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A/quantity B. If quantity A/quantity B is equal to k, then it is said that quantity A is k times as large as 
quantity B (Carlson et al., 2016).

Excerpt 1

(1) Karen: If we want to see how big A is in terms of B . . . Remember, so  
quantity A over quantity B, what is that?

(2) Student 1: Twenty-five over sixty?
(3) Karen: Twenty-five over sixty, good. So, if we write twenty-five over sixty, 

what does that represent, again?
(4) Student 2: A over B.
(5) Karen: A over B, what does that mean like in English sentence?
(6) Student 2: How big A is compared to B.
(7) Karen: Exactly, how big A is compared to B. So, twenty-five over sixty, we 

would say A is equal to twenty-five over sixty whatever B’s length is, okay? If we 
write out twenty-five over sixty in a calculator we will get .416 about. So we could 
say A is .416 times B.

During the exchange in Excerpt 1, Karen prompted her students to echo the correct answer, that 
determining how big A is in terms of B involves evaluating the quotient, quantity A over quantity B. 
Although she posed questions and listened to students’ answers, at no point during the exchange did 
she ask students to say how they were thinking; rather, she appeared to have a single goal of getting 
students to say what she deemed to be the correct answer. At the end of the exchange, she appeared 
satisfied that Student 2 had finally repeated what she had initially suggested.

Since the questions posed by Karen did not inquire about a student’s thinking, we conclude 
that she did not put aside her way of thinking (first-order model); nor did she attempt to 
understand or build a mental model of a student’s thinking. Her questions and responses to 
students were based on her first-order model (i.e., her own meaning of the idea). We classify 
Karen’s interactions in this excerpt at Level 0, indicating that she did not show interest in her 
students’ thinking or engage in mental actions aimed at understanding her students’ thinking 
(see the first row of Table 1).

In contrast, when a GSI shows some interest in the student’s thinking, the excerpt is classified at 
Level 1, provided the instructor makes no attempt to make sense of the student’s thinking.

Level 1: Interest
Similar to Excerpt 1, the teacher–student interaction in Excerpt 2 occurred in the context of a 
lesson focused on introducing exponential functions in the Pathways curriculum. This lesson 
extended multiplicative comparisons to represent the relative size of two quantities with 
percentages. The materials supported students in understanding the idea of percentage as a 
type of measurement where the unit of measure is 1/100 of the value of the reference quantity 
(i.e., 1%).

Prior to the exchange in Excerpt 2 students were asked to discuss the idea of percent in small 
groups. After a few minutes Dave asked the class, “What is a percent?” (Statement 1).

Suppose you have two segments A and B. Suppose segment A has a length of 25 inches and segment 
B has a length of 60 inches.
a. How many times as long is the length of segment A as the length of segment B?
b. How many times as long is the length of segment B as the length of segment A?

Figure 2. The relative size of two quantities (Carlson et al., 2016).
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Excerpt 2

(1) Dave: So group 1, what did you come up with? What is a percent? There is no right or 
wrong answer here. I am just interested to hear what you thought about.

(2) Student 1: It’s the number less than 1.
(3) Dave: It’s the number less than 1? Okay. That is interesting in some sense and gets kind of 

what I am getting at. What about you guys, what is one percent of something?
(4) Student 2: One of something for every hundred.
(5) Dave: One of something for every hundred? Okay that is getting a lot closer to what I am 

interested in. How about the group 3 back there?
(6) Student 3: We just say a tenth of a value.
(7) Dave: So if I say here is one percent of something that means cut that thing up in ten parts and 

take one of them and that is one percent, right? That is probably the closest to what the 
actual definition is but one tenth is not the right fraction. What about you guys?

(8) Student 4: We said the same thing as group 2.
(9) Dave: It is one out of one hundred? Oh, Okay. So maybe instead of one tenth of something, it is 

one hundredth of something; do you guys see the difference there? So we will get to this 
a little more precisely in a minute but a percent . . . the intuitive idea is it is one 
hundredth of anything, right? But in practice we actually use it as a unit of measurement.

In Statement 1, Dave’s expressions suggest that he was open to diverse responses and interested in how 
his students were thinking about the idea of percent. However, as we see later, when students did 
provide diverse responses he failed to comment on and make moves to make sense of what the 
students conveyed. For instance, following Student 1’s response, Dave took no action to clarify or 
understand how the student was thinking (Statement 3). Although he appeared to recognize that the 
student’s thinking differed from his own, he did not probe this student’s thinking; instead, he posed 
the same question to another group (Statement 3). He also appeared to consider if this student’s 
response was in alignment with his way of thinking by saying, “[this] gets kind of what I am getting at.” 
This pattern of interaction is observed throughout the rest of the exchange (Statements 4–9). Dave 
ended the discussion by restating his understanding of the idea of percent (Statement 9).

Dave’s rationale for these actions expressed in the follow-up interview provided further evidence of 
him not attempting to make sense of students’ thinking and operating from his first-order model (i.e., 
his meaning of a percent) during the exchange. He first expressed that he was expecting all students to 
say that a percent is “1 one hundredth of something.” This expectation is aligned with his first-order 
model as he expressed in Statement 9 in Excerpt 2. He also expressed that he did not know what else to 
do except to continue posing the same question to other students until Student 3 finally expressed an 
answer that was somewhat aligned with his own (Statement 6). In response to Student 3’s idea, he 
initially posed a question to elaborate on the idea (Statement 7). In the interview, Dave explained his 
rationale for the question in a way that, “this group has the right intuition, they are thinking about it [a 
percent] as a fraction, but just as the wrong fraction. Asking them a question like this usually helps 
them clear it up for themselves.” This statement illustrated that he posed this question for the purpose 
of getting students to adopt his way of thinking about the idea.

Like the GSI exhibiting a Level 0 decentering behavior,5 the GSI exhibiting Level 1 decentering did 
not build a mental model of a student’s thinking and his actions were still informed by his first-order 
model. However, his explicit request for students to share their thinking about what a percent 
represents and his appearing to be interested in student thinking are what distinguish Level 1 
decentering behavior from Level 0 decentering behavior (see the second row of Table 1).

In contrast to Level 1 decentering behavior, a GSI exhibiting Level 2 decentering behavior takes 
actions to make sense of student thinking.
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Level 2: Make sense
The teacher–student interaction in Excerpt 3 is from Greg’s lesson focused on the behavior of 
exponential functions; that is, how the values of the independent quantity and values of the dependent 
quantity of an exponential function change together. Students were prompted to define a function that 
results in the value of the dependent variable tripling every time the value of the independent variable 
is increased by 1. After defining this function Greg asked students to explain how the value of the 
dependent variable, f(x), of the exponential function changes when increasing the value of the 
independent variable by 3 (See Figure 3). 

After students were given time in their small groups to discuss this question, Greg faced the class 
and asked for volunteers to share their thinking. Student 1 responded to his prompt by saying that she 
changed the function to 3 to the 3x power (Statement 2). The student followed by explaining that 33x 

represents a three-unit growth change (Statement 4).

Excerpt 3

(1) Greg: So, what happens to the value of f(x) whenever x increases not by 1 but by 3. 
Student 1, what did you guys come up with?

(2) Student 1: Umm... how I solved I just ended up changing the function just to display how I was 
trying to explain it was 3 to the 3x power.

(3) Greg: Okay.
(4) Student 1: Just because that is showing us a three-unit growth change instead of being a one- 

unit growth change.
(5) Greg: So you did. Wait, so you redefined the function or just wrote kind of three to the . . . 

?
(6) Student 1: Three to the 3x power.
(7) Greg: So like raise to three times x? [He is writing on the board 33x]
(8) Student 1: Yeah.
(9) Greg: Okay. So why did you write that?

(10) Student 1: Because umm . . . Because when x increases by three that’s how that’s the growth 
factor is changing to three rather than one unit it’s changing from one unit to three 
units so I just . . .

(11) Greg: Ok so instead of . . . So this 3 is representing up here [He is underlining 3 in the 
exponent] change in input of 3 instead of change in input of 1?

(12) Student 1: Yeah.

Greg responded by posing a question to verify the student’s intent to change the function to f(x) = 33x 

(Statement 5). In the interview, he explained the reason for asking that question in a way that he 
attempted to gain more insight about the student’s way of thinking: “I try to figure out what she was 
thinking. I wasn’t sure she did that [redefined the function] or if she was just writing the expression 33x 

as a way to get started with solving the problem.” He also added, “creating a new function is not quite 
like how you would solve the task,” which shows that the student’s idea of redefining the function was 
not aligned with the instructor’s way of thinking. As a response to Greg’s questions in Statements 5 
and 7, the student expressed that she wrote the expression 33x, even though she had previously 
expressed that she redefined the function to represent a three-unit growth change (Statements 2 and 
4). Thus, Greg’s questions in Statements 5 and 7 appear to redirect the conversation toward what he 
expected the student to conclude (i.e., the output becomes 33 times as large).

1. Define a function f that has the following property; every time x increases by 1, f(x) triples.
2. What happens to the value of f(x) whenever x increases by 3?

Figure 3. Covarying quantities in an exponential growth context (Carlson et al., 2016).
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Greg continued to pose questions that probed Student 1’s thinking and in particular her meaning 
for the 3 in the exponent of the expression, 33x (Statements 9 and 11). When asked during the 
interview to describe his motivation for posing the questions, he responded by saying, “She says 
something about changing from one-unit to three-unit, so I was trying to figure out if this 3 represents 
the change in x. I mean if that is how she was thinking about it.” His response further supports that he 
was trying to understand how she was conceptualizing the 3 in the exponent.

However, it is also noteworthy that Greg did not try to understand why the student placed an x in 
the exponent. When asked about this during the interview he responded by saying, “I was trying to 
manage the conversation so I can move to the fact that the answer is essentially 33. I am guessing I 
subtlety ignored x in the exponent, I just moved on.” We claim that he thought that initially focusing 
on the meaning of 33 would lead to the correct answer of how the value of f(x) would be impacted by 
increasing x by 3 instead of 1. He chose to ignore the thinking that led to the student incorrectly 
including x in the expression, 33x, when explaining that when x increases by 3 instead of 1, f(x) 
increases by a factor of 33 (or 27), instead of increasing by a factor of 3. Greg’s choice to not address 
this meaning suggests that he may not have possessed the knowledge for spontaneously addressing the 
student’s weak meaning during this interaction.

The GSI’s decentering actions in this interaction (Excerpt 3) are classified at Level 2. Unlike Level 0 
and Level 1, in Level 2 decentering, some of the instructor’s questions appeared to be motivated by his 
desire to understand the reasoning that led to the student’s responses. We note that he made some 
progress in understanding the rationale for the student’s answer and building a second-order model of 
the thinking associated with the student’s answer; however, he elected to focus on an aspect of the 
student’s response that he conjectured would move the student toward his way of thinking (i.e., his 
first-order model) (see the third row of Table 1).

A GSI exhibiting Level 3 decentering behavior is distinct from a GSI exhibiting Level 2 decentering 
behavior in that she uses her image of the student’s thinking when interacting with the student, while 
at Level 2 the GSI does not.

Level 3: Use
In Excerpt 4, the mathematical context of the interactions from Greg’s lesson was focused on the ideas 
of multiplicative comparison, percent comparison, percent change, and growth/decay factors; and 
how these ideas are connected. He posed the task shown in Figure 4 that had this focus.

In what follows we describe Greg’s conceptions (first-order model) of what it means to understand 
the ideas of multiplicative comparison, percent comparison, percent change, growth factor, and his 
connections among these ideas. We then discuss the teacher–student interactions and the thinking 
Greg engaged in to model a student’s thinking. 

Greg’s first-order model. At the beginning of the interview Greg expressed that the four questions in 
the task (Figure 4) probed four different ways of comparing the initial value (xi = 5) and final value 
(xf = 9) of the variable x. He explained that he viewed the multiplicative comparison required for 
answering part (a) and the use of percent comparison to answer part (b) in terms of the idea of 
measurement. Accordingly, when determining how many times as large 9 is than 5, he indicated that 
measuring 9 in units of 5 resulted in a measurement of 1.8. When determining what percent 9 is of 5 he 
explained that measuring 9 in units of 1/100 of 5 would give a measurement of 180. Greg also 

Suppose the value of x increases from xi=5 to xf=9
a. xf is how many times as large as xi?
b. xf is what percent of xi? 
c. What is the change in x?
d. By what percent does x increase?

Figure 4. Comparing two values of a quantity (Carlson et al., 2016).
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conceptualized the idea of percent change (see part (d)) in terms of measurement as indicated by his 
statement that, “it [percent change] represents the difference between 9 and 5 measured in units of 1/ 
100 of 5.”

Our analysis of data from the interview with Greg further revealed that he viewed a percent change 
as the difference between the “final percent” and the “initial percent.” This thinking was revealed in his 
statement that 180% is the final percent that represents the measure of 9 in units of 1/100 of 5, and the 
initial percent of 100% represents the measure of 5 in units of 1/100 of 5, and that 80% is the percent 
change from the initial to the final percent. He also expressed that 80% represents the measure of 4 (i. 
e., 9–5) in units of 1/100 of 5, indicating that his first-order model of the meaning of percent change 
included at least two distinct ways of thinking. 

The teaching episode. During a discussion that preceded the Excerpt 4 exchange Greg asked the 
students to share how they solved each question in the task (Figure 4). When responding to part (d), 
Student 1 explained that he first determined the amount of change as the input value increased from 5 
to 9. He followed by expressing the change of 4 as a percent of 5 by determining the measure of 4 
relative to 5 and arriving at the fraction 4/5 in percent form (i.e., 80%). Subsequent to Student 1’s 
explanation Greg directed his students to compare how questions in part (b) and part (d) differ 
(Statement 1).

Excerpt 4

(1) Greg: Does everybody see the difference between part d and part b? 
Student 2, what do you think the difference between part b and d is?

(2) Student 2: So like I looked at it when I am solving d, I said 5 out of 5 is 100%, 10 out of 5 is 
200%, so 9/5 would be 180 [percent], so kind of subtracting that I said the 
difference from 180 [percent] to 100 [percent] is 80 percent – that is how I solved 
d. I didn’t answer your question.

(3) Greg: Okay, no, actually that’s good. I like that. Let me . . . so you essentially did this. [He 
is writing on the board 180%–100% = 80%]

(4) Student 2: That is how I solved d.
(5) Greg: Okay. Anybody else think about this that way? We got the same answer both ways, 

right? Why is it that we got the same answer, like conceptually?
(6) Greg: Student 2, can you say one more time why you thought to do this 180% – 100%?
(7) Student 2: Because 5 out of 5 is 100%, so that’d be your second part, and 10 divided by 5 would 

be 2 or 200% so taking that and solving it, your change is 80% . . .
(8) Greg: Okay, so this 180% was like . . .
(9) Student 2: Was the 9/5 representation in percent form.

(10) Greg: And then this [100%] was kind of like a 5/5 but in percent form. When we subtract 
those, what are we computing?

(11) Student 2: We’re computing the percent that x increases by.
(12) Greg: Okay. Yeah. It’s like . . . we essentially just computed the change, but we did it in 

percent form right? Does everybody see that? Do you take . . . like the total percent, 
180% and you take away 100% of the reference value, and you should just end up 
with whatever we’ve changed by, right? Does that make sense? Like if we take away 
100% from our new percentage, we should end up with how much we’ve changed.

In response to the question (Statement 1), Student 2 began by explaining that she determined 
the percent change from 5 to 9 and subtracted 100% from 180% when determining the percent 
change in x as its value increases from 5 to 9 (Statement 2). When asked about the student’s 
approach during the interview, Greg explained that he expected students to approach the 
problem by adding 100% to the given percent change. He conveyed that this way of thinking 
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enables students to easily interpret the base of an exponential function (i.e., growth factor) in 
terms of the percent change for contiguous values of the dependent quantity that are associated 
with incremental equal increases in the values of the function’s independent quantity. This view 
was consistent with the instructional goals and learning trajectory embedded in the Pathways 
curriculum. Greg also conveyed that he did not expect Student 2 to express this way of thinking 
because he viewed the student as a procedural thinker.

During the interaction Greg prompted Student 2 to explain her reasoning to gain further insights into 
her thinking (Statements 3, 6, 8, and 10). He explained that he believed the student thought that, “100% is 
the initial value, 180% is the final value; final minus initial gives us the change.” He then asked the class to 
explain why the approaches expressed by two different students (i.e., Student 1 and Student 2) produced 
the same answer to the question in part (d) (Statement 5). During the interview he expressed his rationale 
for asking this general question by saying,

With that question, I was hoping to relate this 180% minus 100% back to the other way of thinking of 4 is what 
percent of 5. In both cases we were dealing with the change, we were measuring change in percentage, but we took 
two different approaches.

These statements provide evidence that Greg was aware that the students’ thinking differed from what 
he expected. We further claim that he built a model of both Student 1’s and Student 2’s ways of 
reasoning about the task (i.e., second-order model). He then used his second-order model in his 
subsequent interaction with the class when he prompted them to consider how the two ways of 
thinking compare (Statement 5). He also continued by asking Student 2 more specific questions 
(Statements 8 and 10) to compare her approach and Student 1’s approach to expressing a change as a 
percentage. During the interview he conveyed that the purpose of these questions was to prompt 
Student 2 to think of her initial value (i.e., 100%) as 5 measured as a percent of 5, and her final value (i. 
e., 180%) as 9 measured as a percent of 5. We claim that Greg’s model of Student 1’s and Student 2’s 
distinct ways of thinking provided the basis for his questioning.

We characterize Greg’s actions as Level 3 decentering. In contrast to Level 2 decentering, this GSI 
exhibited Level 3 decentering; he was operating from his model of the student’s thinking (second- 
order model) to make decisions on how to act (see the fourth row of Table 1).

Like a GSI exhibiting a Level 3 decentering behavior, a GSI exhibiting Level 4 decentering behavior 
also builds and operates from her model of a student’s thinking when determining how to act. What 
distinguishes a GSI exhibiting a Level 4 decentering behavior is the instructor’s anticipation of how her 
actions might be interpreted by the student.

Level 4: Use and adjust
The interactions in Excerpt 5 occurred in Greg’s same lesson, which was described in Excerpt 4, and in 
the context of the same task (see Figure 4). The discussion was focused on comparing the initial (xi = 5) 
and the final (xf = 9) value of x and expressing this comparison as a percent (i.e., part (b)). Descriptions 
of Greg’s mathematical meanings related to the key ideas of the task were included in the previous 
section. Briefly, he thought that measuring 9 in units of 5 involves determining how many times as 
large 9 is than 5, and that a percent comparison of 9 and 5 involves conceptualizing 9 as being 
measured in units of 1/100 of 5, leading to his result that 9 is 180% of 5. As a percent comparison, the 
unit of measure (i.e., 5/100) is 1/100 of the size of the previous unit of measure (i.e., 5); the 
measurement itself (the percentage) is then 100 times as large. This conception held by this GSI was 
consistent with the conception expressed in the Pathways instructional materials. This conception 
characterizes the mental model he held (his first-order model) of what was involved in understanding 
how to respond to the questions he posed in Statement 1 of Excerpt 5.

Greg expressed interest in understanding the reasoning students used when responding to the 
question “xf is what percent of xi?” One student responded by saying, “9 divided by 5 equals 1.8. Then I 
moved the decimal two places and got 180.” Greg responded by asking the student to explain why he 
moved the decimal point two places. Another student conveyed that, “You are going to need to 

MATHEMATICAL THINKING AND LEARNING 15



multiply by 100 because you are looking at percentage.” After hearing these students’ procedural 
explanations Greg prompted students to reflect on their reason for multiplying the decimal 1.8 by 100 
(Excerpt 5, Statement 1).

Excerpt 5

(1) Greg: How do we go from having 1.8 to 180? Why is it that we multiply by 100?
(2) Student 1: A percentage is always . . . I’m going to call it base, but like a 100 percent is always a 

whole.
(3) Greg: Yeah. In some regard a 100% is like one full thing, right? Somehow you have this 

feel that a 100 percent is like one full base value. So, let’s take a second to think 
about this. What is it that we mean when we say 1% of 5? What do we mean by 1 
percent?

(4) Student 2: It’s 1/100 of whatever value you’re having as your reference.
(5) Greg: Yeah, 1% of 5 . . . Does everybody agree? This is 1/100 of 5? How much is 1/100 of 5? 

How might we actually find out how much that is?
(6) Student 3: 5 divided by 100.
(7) Greg: 5 divided by 100? So from here, let’s try this again. What is it about these 

percentages that forces us to essentially multiply by 100 to get into percent form?
(8) Student 3: If you take 100 off the bottom . . .
(9) Greg: Okay, can you say more?

(10) Student 3: If you multiply 5 out of 100 by 100 you get the original 5 back.
(11) Greg: Okay. If we multiply by 100 we get essentially our reference value back, right? So, 

how might we describe 180 % of 5? If 1% of 5 is 1/100 of 5, what do you think about 
180 % of 5?

(12) Student 3: 180 times 5/100?
(13) Greg: Can you say more? How did you come up with that?
(14) Student 3: I thought that 180% of 5 should be 180 times as large as 1% of 5. 1% of 5 equals to 5/ 

100. So 180 % of 5 can be described as 180 times 5/100.
(15) Greg: Good. So, we might say this 180% of 5 is essentially 180 times 1/100 of 5, right? So 

now I mean essentially this is why we end up multiplying by 100. Because at some 
point we took 1/100 of 5, or 1/100 of our reference value.

During the interview Greg conveyed that his instructional goal at that time was to support his students 
in thinking of a percentage as a type of measurement where the measurement unit is 1/100 of the value 
of the reference quantity. Specifically, he expressed that he wanted his students to see that determining 
what percent 9 is of 5 involves measuring 9 in units of 1/100 of 5 (i.e., 1% of 5). He elaborated by saying 
that he also wanted them “to conceptually understand the reason why the measurement (the 
percentage) is 100 times as large.”

In response to Greg’s question (Statement 1), Student 1 expressed that 100% represented “the 
whole” (Statement 2). Greg then asked the student to think about the meaning of 1%. During the 
interview Greg expressed that he had thought that the student thought of 100% as “the whole” and 1% 
as 1/100 of that whole. He also expressed that 1% of 5 is 1/100 of 5. At this point in the conversation 
with Student 1 (Statement 3), we claim that Greg compared the student’s way of thinking with what he 
thought was a more productive way of thinking and then posed the question, “What is it that we mean 
when we say 1% of 5?” When asked during the interview to describe his rationale for posing this 
question, he responded by saying, “Since the student put on the table that 100% is one full thing, I 
essentially leveraged her intuition so that this idea of moving toward 1/100 of our base value doesn’t 
seem so foreign.” This response provided further evidence that the second-order model Greg had built 
of Student 1’s thinking informed his questions in Statement 3.
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After Greg again asked his students to explain why they multiply by 100 (Statement 7), Student 3 
conveyed that multiplying 5/100 by 100 would result in going back to the reference value of 5 
(Statements 8 and 10). Greg then prompted the student to think about the process of determining 
180% of 5 (Statement 11). During the interview Greg expressed that he imaged Student 3’s idea in a 
way that the student thought of some percent of 5 in terms of units of 5/100. Based on this student’s 
expressed meaning, he conjectured that the student must have thought that [180% of 5] could be 
expressed as 5/100s. Furthermore, the idea that he intended to convey at that time was that [180% of 5] 
is 180 times as large as [1% of 5], which was another way of expressing the idea that measuring 9 in 
units of 1/100 of 5 results in a measurement of 180.

Student 3’s answer that 180% of 5 is 180 times 5/100 (Statements 12 and 14) indicates that Greg’s 
instructional choice resulted in the student using what Greg viewed as a productive way of thinking. At 
the end of the exchange Greg summarized the ideas in terms of the thinking just expressed by Student 
3; the idea that the measurement unit for measuring 9 relative to 5 in percent form (i.e., 5/100) is 1/100 
times as large as the measurement unit when measuring 9 relative to 5 (i.e., 5), resulting in the 
measurement in percent (i.e., 180%) to be 100 times as large as 1.8 (Statement 15).

We claim that this GSI adapted his questioning and interactions with each of the three students 
based on his second-order model of each student’s thinking and his anticipation of how he might be 
interpreted by the student with whom he was interacting. This GSI’s choice to adjust his actions to take 
into account the student’s thinking and how the student might interpret him is what distinguishes 
decentering at Level 4 from decentering at Level 3 (see the fifth row of Table 1).

Discussion and conclusions

This study used decentering as an explanatory construct for making inferences about graduate student 
instructors’ actions when enacting responsive teaching. Consistent with prior studies (Carlson et al., 
2007; Teuscher et al., 2016; Thompson, 2013; Ulrich et al., 2014), our data support that Piaget’s (1955) 
construct of decentering is useful for explaining and characterizing instructors’ responses to and 
interactions with students when teaching.

Our study extends prior research on characterizing responsive teaching in several ways. First, our 
analysis of GSIs’ decentering actions characterizes and contrasts an instructor acting for the sole purpose of 
getting her students to adopt her way of thinking, with instructor behaviors associated with constructing a 
model of a student’s thinking and then using that model when interacting with the student. These 
characterizations may provide useful insights for understanding how to support teachers in engaging 
students in what others have framed as responsive teaching (Staples, 2007; Staples & King, 2017; Stein et al., 
2008). As one example, in Staples' (2007) framework, a teacher’s question posing into students’ under-
standings was characterized as a strategy to scaffold the production of students’ ideas. A shift to focus on 
how the teacher interprets and uses the student’s thinking provides insights into the rationale for the 
teacher’s actions, potentially providing insights for supporting other teachers in adopting the perspective of 
students during teaching. Our analysis of the GSI’s interactions in Levels 3 and 4 revealed that an instructor 
was able to pose questions that were attentive to students’ ideas when the instructor reflected on his 
interactions with students while attempting to understand and model students’ thinking.

Second, our study is one response to Jacobs et al.’s (2010) call for researchers to investigate the link 
between teachers’ professional noticing and their execution of on-the-spot decisions in their class-
rooms. Although Jacobs and Empson (2016) extended this research by describing a teacher’s execution 
of on-the-spot decisions that “build on children’s thinking” (p. 195), our use of the construct of 
decentering allowed us to make inferences about GSIs’ ways of thinking (mental actions) that might 
illustrate the process of an instructor building a model of a student’s thinking and how this model 
enabled the instructor to make informed instructional decisions in the moment of teaching. This 
perspective helps to explain why a teacher might respond to a student in a particular way, with the 
framework levels 3 and 4 characterizing a teacher’s model of a student’s thinking that enabled him to 
interact productively with the student.
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Our participants were graduate student instructors who had completed at least 2 years of graduate- 
level mathematics, well beyond what is required of a secondary teacher. They attended a weekly 90- 
minute professional development seminar concurrent with their teaching, where they were encour-
aged to consider student thinking when making instructional decisions during class. Despite efforts of 
the professional development leader to support the GSIs in focusing on student thinking, our 
observations of the GSIs, both during the seminar and when teaching, suggest that more research is 
needed to understand the mechanisms for supporting GSIs to enact decentering behaviors. This 
finding is consistent with findings reported by Speer and Wagner (2009) that one cannot assume 
that an instructor with strong mathematical content knowledge will necessarily be effective in 
scaffolding questions that are rooted in knowledge of students’ thinking. We further highlight our 
contributions to undergraduate mathematics teaching, in light of the scarce amount of research in this 
area (Speer, Smith, & Horvath, 2010). We join Speer et al.'s (2010) call for future studies to investigate 
factors that influence undergraduate instructors’ moment to moment instructional decisions and 
suggest that studies examine how a teacher’s meaning for a specific mathematical idea influences her 
decentering actions.

A framework that characterizes a continuum of GSI decentering actions

This study produced a framework of five levels of decentering actions that GSIs in our study exhibited 
when responding to students’ utterances during teaching (see Table 1). We do not claim that the levels 
of the framework characterize a developmental path for a GSI’s development of decentering behaviors. 
In fact, within a single class period, it is possible for a GSI to exhibit all five decentering behaviors, 
dependent on the goals of the instructor during specific moments of instruction and teacher–student 
interaction. An instructor who has the capacity to decenter at Level 4 may elect to not continue 
probing the student’s thinking during moments of teaching. Some reasons include the time it takes to 
understand what a particular student is thinking or the instructor does not feel comfortable in 
handling how she imagines the mathematics conversation unfolding. In Excerpt 3, the GSI acknowl-
edged that he chose to focus on the aspect of the student’s answer that aligned with his idea of a correct 
answer and that he elected to move on because of limited time. However, our observations suggest that 
an instructor who has only engaged in Level 0 and Level 1 decentering behaviors may need support in 
shifting her teaching orientation toward understanding and supporting student thinking. We believe it 
would be useful for future studies to investigate this observation and explore mechanisms for 
improving instructors’ decentering abilities.

We see every teacher action to understand a student’s thinking as potentially advancing teacher’s 
knowledge of how the student might think about a particular idea. We further conjecture that 
decentering is a mechanism by which a teacher acquires greater insights into how students can be 
supported in learning an idea. We believe that teachers who attempt to understand students’ thinking 
when interacting with them as they are learning an idea, may become more and more anticipatory of 
how students might be thinking in future situations when interacting with students around that same 
idea. We call for more research to explore decentering as a mechanism for advancing teachers’ images 
of how students develop their understandings of an idea.

Our decentering framework should be useful for researchers who are interested in characterizing a 
teacher’s actions to understand and act on student thinking when attempting to engage students in 
other mathematical contexts. In designing interventions, teacher educators and professional develop-
ment leaders could use the framework as an analytical tool to scaffold pre-service and in-service 
teachers’ learning to place more focus on student thinking as a basis for their instructional decisions 
and actions. Similarly, professional development leaders could use the framework to support GSIs in 
making sense of and using student thinking. In a video-based intervention, for instance, GSIs could 
watch videos of an instructional episode and rate each episode using our framework levels, then 
discuss the rationale for their ratings.
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Limitations of this study and recommendations

The framework emerged from our analysis of the three GSIs in the context of their having attended 
Pathways professional development and using Pathways curriculum, both of which supported 
advancements in GSIs’ mathematical meanings of precalculus mathematics. Thus, we suggest caution 
in generalizing our descriptions of these GSIs’ mathematical goals and behaviors to other teachers in 
other settings.

Our future study will include tracking instructors’ decentering behaviors over multiple years in the 
context of professional development that is continually refined to support instructors in reflecting on 
their teaching in relation to its impact on student thinking and learning. Our data for this study 
suggest that future studies into the influence(s) of an instructor’s decentering actions might benefit 
from characterizing how the instructor’s meanings for specific mathematical ideas influence the model 
the instructor builds of a student’s thinking and subsequent instructional actions.

This work was supported by the National Science Foundation under Grant number EHR-0412537.

Notes

1. To avoid using “his/her” repeatedly, we will use feminine pronoun when referring to third-person singular 
throughout the article .

2. The Pathways project was also being implemented at 6 other universities, but the data collection for this study 
was at one site only, the project leader's research and development site.

3. Pseudonyms were used.
4. Despite the fact that teachers’ decentering actions can be observed through their written questions, prompts, or 

feedbacks (Thompson, 2000), this study focused only on oral teacher–student interactions.
5. We used “Level 0 decentering behavior” to refer to the lowest level of the continuum of decentering actions even 

though both Level 0 and Level 1 describe an absence of decentering actions.
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